Unravelling the specific growth dynamics of key tissues and organs is fundamental to understand how multicellular organisms orchestrate their different growth programmes. In plants, the secondary growth (thickening) of stems and roots provides the mechanical support that plants need to achieve their developmental potential. We used conventional anatomical and microscopy techniques, image-processing software, and quantitative analysis to understand and mathematically describe the growth dynamics of the early developmental stages of secondary xylem (the main tissue developed during secondary growth). Results show that such early developmental stages are characterized by exponential expansion of secondary xylem in three dimensions in the form of an inverted cone, with a power law that describes the relationship between the area of the base and the longitudinal progression (height) of the growing secondary xylem cone over time with a scaling exponent of 2/5: the signature of allometric growth. Our work constitutes a starting point for future modelling of secondary xylem in particular and secondary growth in general.
Introduction
In plants, secondary growth is the process by which stems and roots grow in girth. This is a pivotal process in development that provides plants with the mechanical support and stability that they need to expand their growth capacities [1] . Secondary growth is the result of the formation of secondary vascular tissues: secondary xylem and secondary phloem. Such secondary vascular tissues emerge from the activity of a highly specialized pool of stem cells (meristem) termed cambium [2] . The cambium develops concentric cylinders of secondary phloem centrifugally and secondary xylem centripetally [3] . The concentric accumulation of such tissues leads to secondary growth and thus thickening of stems and roots. Secondary xylem proliferates and contributes more to the mechanical support of plants than secondary phloem. Together with mechanical support, the fundamental role of xylem is the acropetal transport of water and solutes from the soil to all plant cells [2] . In trees, secondary xylem brings about wood: one of the largest sources of terrestrial biomass, the largest sink of atmospheric CO 2 after oceans and a main source of raw material for the renewable energy, construction or timber industries [4] .
Secondary xylem can be found not only in woody but also in many herbaceous species, such as the model system Arabidopsis thaliana, which has proven to be an excellent model system to study secondary growth [5] .
Despite the pivotal importance of secondary growth for plant development and industry, our knowledge about the biology of the process is still rather fragmented. Work within the last decades has revealed new aspects about the hormonal and genetic control of secondary growth (for review see Miyashima et al. [6] ). A major further step forward towards our understanding of the process would be to establish equations that could allow for the generation of predictive models. With such view in mind and to take a first step in that direction, we focused on understanding the growth dynamics of the early stages of secondary xylem development in Arabidopsis roots. Using conventional anatomical and microscopy techniques coupled with automated image quantification, we defined equations explaining such early stages of secondary xylem development. Geometrically, in roots, secondary xylem development occurs in the form of an inverted cone which volume expands exponentially with time [7] . Our observations indicate that the quantitative data of the cone growth fit a simple mathematical model of allometric exponential growth, implying high coordination between the expansion area and the longitudinal progression during the early stages of secondary xylem development. We suggest that (i) our work can be used as a starting point for modelling secondary xylem development and (ii) in the future, a model for secondary growth could be developed by generating data for the other tissues contributing to secondary growth (e.g. phloem and cambium) and by integrating genetic, environmental and physiological data.
Methods and materials

Plant materials and growth conditions
The Arabidopsis thaliana Col-0 ecotype was used. In all cases, seeds were sterilized, stratified and grown vertically in 12 Â 12 cm plates containing MS media (218C constant temperature and 16 h light/8 h dark regime) as described in [8] .
Sampling, sectioning and imaging
Seedlings for developmental stages analyses grew for 5, 6, 7, 11, 15 or 21 days after germination (from here on DAG). The base (uppermost part) of the root was harvested, embedded in 1% agarose and fixed in 4% paraformaldehyde (PFA; Sigma) overnight. Agarose blocks containing the root were then dehydrated and embedded in Technovit 7100 (Heraeus Kulzer, EBSciences) as described in [9] . Sections (7-10 mm) were generated using a Microm HM335E microtome. Samples used for secondary xylem cell count, area measurement and longitudinal progression of secondary growth analyses were harvested at 7, 11, 15 or 21 DAG (as described above), infiltrated and wax-embedded as described in [4] . Sections (5 mm) were generated using a Leica RM2135 microtome. In all cases, sections were mounted on water on glass slides and stained with Toluidine Blue (0.05%) as described in [4] . Images were acquired using a brightfield Olympus BX50 light microscope equipped with a q Imaging RETIGA Exi camera and the Image Pro Plus software. 
Quantitative analyses of secondary xylem
Image analyses and automated quantification were performed using ImageJ software [10] . We developed an automated method for cell count quantification (electronic supplementary material, document S1). Manual cell count revealed that our method displayed an accuracy of at least 95%. Secondary xylem area was measured using standard ImageJ tools. The longitudinal progression of secondary xylem development along the root was determined through successive histological sections on wax-embedded samples that represented the entire root. For each analysed developmental time point (7, 11, 15 and 21 DAG), successive 0.5 cm samples were collected along the root, starting from the base towards the root apical meristem. Each 0.5 cm sample was wax-embedded, sectioned (5 mm), stained and photographed as described above, ensuring that the entire root could be analysed and that our precision was at the range of +5 mm. For each root, the longitudinal extension of secondary xylem proliferation was assessed as the last position (5 mm section) within the root where we could observe secondary vascular cells (i.e. in the next section only primary xylem was detected; transversal sections of roots looking like figure 1a, left panel or c) . In all cases, experiments were repeated three times (details provided in electronic supplementary material, Thammetal_2019_SupplTable1).
The cone volume (V) was calculated using the xylem area and longitudinal extension at 7, 11, 15 and 21 DAG. The number of cells and the volume of the conical shape was plotted versus time and fitted to exponential growth models V ¼ V o e kt and N ¼ N o e k2t for the volume of the cylinder and the number of cells respectively using an orthogonal distance regression nonlinear fit method implemented with the Origin Pro 9.1 software. Three-dimensional graphics were plotted with the software Wolfram Research Mathematica 9.0. For the power law fit we used the Levenberg -Marquardt algorithm.
Results
Dynamics of early developmental stages of secondary xylem
We performed anatomical analyses on the growth dynamics of the early stages of secondary xylem to identify key developmental stages on which to collect our quantitative data for subsequent mathematical analyses. Figure 1 shows a time-lapse of the most representative stages of secondary xylem development. In our growing conditions, at 5 days after germination (DAG), we could clearly observe the typical diarch organization of the primary vasculature (figure 1c). Anticlinal and periclinal cell divisions were first observed within the procambium zone at 6 DAG (figure 1d). This was more evident at 7 DAG, when, in addition, the first secondary xylem cells were differentiated from the newly divided procambial cells (figure 1e ). The time period from 7 to 11 DAG was strongly marked by cambial cellular proliferation. At 11 DAG the vascular cambium already exhibited a clear ring-like organization surrounding the secondary xylem cells that were already present (figure 1f ). From 11 DAG to 21 DAG secondary xylem cells proliferated in a high rate (see figure 1f,g ).
Taken all together, secondary xylem starts differentiating at 7 DAG and expands in proliferation between 7 and 21 DAG. plotting the area of the radial growth against the longitudinal growth, the data fitted almost perfectly (R 2 is 0.9932) a power law with an exponent of 2/5, which is the signature of allometric growth (within the time range studied here) (figure 2d; electronic supplementary material, notes S2). All measurements are contained in electronic supplementary material, Thammetal2019_2019_SupplTable1.
Allometric three-dimensional secondary xylem expansion
A simple growth model that explains secondary xylem growth dynamics in three dimensions
We approximated the secondary xylem volume within the roots (as a whole three-dimensional tissue) by a cone (figure 2e). We defined the secondary xylem area a at the base of the root as the base of the cone, , 11, 15 and 21 DAG we first calculated the volume V of the conical shape that a and h form at each specific time point and, then, we plotted the evolution of V over time (t) (figure 2f . In this way, the volume of the cone is a function of the initial volume, and it progresses exponentially with time. The fit converges very well and, indeed, our coefficient of determination R 2 is 0.9999996.
The exponential fit implies that at this stage of growth the volume change satisfies a linear differential equation, i.e. dV=dt ¼ k V, which corresponds to a particular, simplified case of the Lockhart equation [11] . Considering the cone volume (V ¼ ð1=3Þ pr 2 h), the evolution of the longitudinal extension (h) of xylem along the root over time (t) can then be inferred:
where r is the radius of the cone. Taken all together, our results fit a simple exponential model that describes the growth dynamics of the early stages of secondary xylem development in Arabidopsis roots in three dimensions over time with an allometric exponent of 2/5.
Discussion
Determining the growth dynamics of key tissues in development is paramount to understand how organisms develop, because it provides a broad view of how the different growth programmes interact with each other and regulate each other during development. In plants, secondary growth occurs mainly in stems and roots. While modelling in stems is scarce, modelling in roots emerged in the 1970s and has provided very valuable information [12] . However, even though some of those models took into account thickening, little attention has been paid to secondary vascular tissue development as a process and reports on mathematical models of developmental kinetics and/or the growth dynamics of secondary growth/secondary vascular tissues are almost non-existent. A recent (and pioneer) work elegantly analysed the morphodynamics progression of tissue type ratios of xylem and phloem on two dimensions over time [13] . Here, we present a simple model describing the early stages of secondary xylem growth dynamics in three dimensions. We show that, during such early stages, secondary xylem three-dimensional growth follows an allometric-function model. This is a first step towards modelling secondary xylem development in particular and, in general, secondary growth as a process. It is expected that, by generating new experimental data, it will be possible to expand our equation to later xylem developmental stages and to incorporate in it the effect that genetics and the environment exert on the control of the process. Furthermore, by extending our experimentation to secondary phloem development, phellogen formation, phelloderm development and the transition from procambium to vascular cambium rearrangement (all of them fundamental processes that take place during secondary growth [2] ) it may be possible to generate a full model for secondary growth.
Considering that the conical shape that the secondary xylem displays (in three dimensions) in Arabidopsis roots resembles that of the stem of some of the most relevant trees for industry, we suggest that our approach may be exportable to trees as a valuable tool to (i) understand new aspects of tree physiology and development and (ii) expand our capabilities for wood yield prediction.
Taken all together, our study provides a mathematical description of the growth dynamics of the early stages of secondary xylem development. Our work constitutes a starting point to perform new experimentation aimed at mathematically modelling secondary xylem development and, in the long term, secondary growth as a process. We suggest that our data and our experimentation procedures can be transferred to trees to assist both basic and applied scientific experimentation.
Data accessibility. All data used for this study are described in electronic supplementary material, table S1. 
